SUBATECH-02-20 



Abelian Matrix Models in Two Loops. 

A.V. Smilga 

SUBATECH, Universite de Nantes, 4 rue Alfred Kastler, BP 20722, 
. Nantes 44307, France. 



> 



in 
o 



X 



Abstract 



We perform a two-loop calculation of the effective Lagrangian for 
the low-energy modes of the quantum mechanical system obtained 
by dimensional reduction from 4D, J\f = 1 supersymmetric QED. The 
bosonic part of the Lagrangian describes the motion over moduli space 
of vector potentials Aj endowed with a nontrivial conformally flat 
metric 
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For the matrix model obtained from Abelian 4D, N = 2 theory, the 
two-loop correction oc 1/|A| 6 vanishes as it should. 

1 Introduction 



Back in 1987 we determined the one-loop corrections to the effective Born- 
Oppenheimer Hamiltonian of 4D, Af = 1 supersymmetric QED reduced to 
(0 + 1) dimensions |]J. The corresponding effective Lagrangian is expressed 
in terms of the real supervariable carrying vector index k 0, 

= -\^{<T k \ a {D a D p + DpD a )V , (1.1) 

where D a , D a are supersymmetric covariant derivatives and V is a scalar real 
supervariable, the quantum-mechanical descendant of the 4D vector super- 
field. The lowest component of is the vector potential A k . Remarkably, 
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Ak and are gauge invariant in the QM limit. A generic supersymmetric 
Lagrangian involving is 



d 2 6d 2 9 , (1.2) 

Its bosonic part describes the motion along a 3-dimensional manifold with 
the conformally flat metric 

ds 2 = 2AF(A)rfA 2 . (1.3) 

Explicit one-loop calculations give the result [] 

2AF(A) = 1 + J— + ... (1.4) 



We noted back in [|lj] that the coefficient of 1/|A| 3 in Eq.(Oj) is related to the 
first coefficient of the 4-dimensional j3 function of supersymmetric QED. In 
recent Q we reproduced the result ( |1.4|) , obtained originally in the framework 
of the Hamiltonian Born-Oppenheimer procedure, by Lagrangian methods 
and showed that the term oc 1/|A| 3 is determined by exactly the same graph 
as the 1-loop correction to the effective Lagrangian in 4 dimensions. 

The effective Lagrangia both in (0+1) and in (3+1) theories accept also 
higher loop corrections. It is natural to expect that they are related to each 
other, as the one-loop corrections do. In particular, higher-order corrections 
vanish both in M = 2 (3+1) theories and in their quantum-mechanical coun- 
terparts. It is unconceivable for us that this is a purely accidental coincidence 

I- 

However, to see a relationship between the corrections at the two-loop 
level or higher is not an easy task. At the one-loop level the basic rule of 
correspondence is 



du 1 r d 4 p 1 1 . A 



4|A| 3 J-oo 2n (lu 2 + A 2 ) 2 J (2vr) 4 (p 2 + /z 2 ) 2 16vr 2 e/x 



In ^% .(1.5) 
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1 This analysis has been extended to non-Abelian case in H. For example, for SU{2) 
N = 1 theory, the effective Lagrangian is given, again, by Eq.( |l.2[ ) with 

2AF(A) = 1-5^ + ... 
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The correspondence between multiple loop integrals in different dimensions 
is much more obscur. The basic motivation of the present study was the 
desire to establish such a correspondence. We have to say right away that 
we failed to do it. The correction to turned out to be 

4° ff +1) = + + • (1.6) 




This does not look similar to 

^•(3+1) fif \w 



4e 2 (/x) 



1 1 A el A 
H ~ In 1 ^- In — + . . . 

el 4vr 2 fjt 16vr 4 n 



;i.7) 



As we will see, there is also no obvious correspondence between the individual 
cotributions in and Cfjg 1 ^ . To be precise, the diagrams determining the 

corrections in these two cases are identical, but the results of their evaluation 
are not similar. 

We still believe that the correspondence between higher order corrections 
to C e s in different dimensions will eventually be unravelled, but at the mo- 
ment we can only report our accurate calculation of the term — 3/(4|A| 6 ) in 



Eq.(p) 



Before proceeding with it, let us make a remark on the title of our pa- 
per. The term "matrix models" usually refers to quantum-mechanical ver- 
sions of non-Abelian gauge theories (the dynamic variables in such theories 
are matrices). Matrix models (in the first place, maximally supersymmet- 
ric matrix models obtained by dimensional reduction of 4D M = 4 theo- 
ries) attracted recently a considerable attention due to their implications 
for strings/branes/M-theory dynamics. In particular, the corrections oc A 2 
to the effective Lagrangian in the maximally supersymmetric matrix mod- 
els vanish, while the nontrivial corrections oc (A 2 ) 2 and of still higher order 
in derivatives can be related to the scattering amplitudes of gravitons in 
11-dimensional space |J-|§|. 

In the Abelian models discussed in this paper, gauge and fermion fields do 
not have matrix form. In addition, these models probably do not have stringy 
or gravity implications (our primary interest here is the effective Lagrangian 
itself). But their kinship to non-Abelian matrix models is obvious. 
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2 Calculational set-up 



Supersymmetric QED involves the gauge field A^, the photino (Majorana 
fermion) field A, two charged scalars 0, x> an d a charged Dirac fermion ip. 
We assume that the charged fields are massless. In the gauge A = 0, the 
Lagrangian of the dimensionally reduced theory has the form 

1-2 

£ = -A k +<£><£> + xx + i[AA + ipip) 
-e 2 (^y? + xx)A\ - ^e 2 (^ - xxf + ieA k tpj k tfj + 

eV2 [x^Pl A + xMl ~H>r\- $M>r] (2.1) 

H>l,r = |(1 T T 5 )^; Ik are Euclidean, i.e. Hermitian. We will set in what 
follows e = 1]. Consider the system in a constant gauge field background 
A(t) = C [in (0+1) dimensions, not only the field strength E = A, but also 
the potential A cannot be disposed of by a gauge transformation and has 
direct physical meaning]. Then the charged fields 0, x, V* acquire the mass 
|A|. If this mass is much larger than the energy scale set up by the gauge ki- 
netic term (l/2)<9 2 /(<9A) 2 in the effective Hamiltonian, -E c har ~ 1/A 2 , we can 
treate the charged variables as "fast" (in the Born-Oppenheimer framework) 
and integrate them over. Actually, in a constant background all corrections 
to the effective potential vanish, this is guaranteed by supersymmetry. 

Nontrivial corrections to £ e g are obtained if considering a slowly changing 
background 

A(t) = C + Et . (2.2) 

The leading correction (the one which vanishes in the M = 4 case) is pro- 
portional to E 2 . The calculation of the 1-loop contributions to £ e fj was 
described in and our task here is to tackle the two- loop graphs drawn in 
Fig. 1 in the background (23). 



The calculation to be done is very similar in spirit to the calculation of 
charge renormalization in 4D SQED performed in Ref. ||. In 4 dimensions, 
one also has to evaluate the graphs in Fig. 1 substituting there the Green's 
functions in the constant field strength background 

A^ = ~F^ u x u . (2-3) 



2 The corresponding technique was developped in Ref.p 
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d) e) 

(2) 

Figure V. Graphs contributing to C e g. Thin solid lines describe fermions, 
bold lines - scalars, dashed lines - photon and dotted line - photino. 



Adding all contributions, one obtains 



P {2) = \ (2.4) 



TV 2 



for the second coefficient in the j3 function, which leads to (1.7). 



The calculation in the QM limit is much more difficult, however, because 
(i) Lorentz invariance is lost and (ii) in contrast to the background (|2.3|) , the 
background ( f2.2| ) is genuinely noninvariant with respect to time translation. 
A similar (actually, more complicated) calculation was performed for non- 
Abelian theories]^, [7|. Unfortunately, these papers are not written in a "user- 
friendly" way and, for the benefit of future users, we took pain to describe 
the technical details of the calculation at some length. 

3 Boring technicalities. 

First of all, we go over into Euclidean space, t — > — it. The background is 
still 

A(r) = C + Er (3.1) 
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with Euclidean which differs from the physical Minkowskian Em by the 
factor i. We will calculate the effective action in the Euclidean background 
assuming E # real, not forgetting to change the sign of the term oc E 2 in 
the end of the day. In the background (|2.2j ), the scalar and fermion Green's 
functions D and G depend on both initial and final times r, r' in a nontrivial 
way. The exact expressions can be found in Refs. || [7]. Instead of working 
with them directly, it is convenient to make a Fourrier transform over the 
variable r_ = r' — r and represent 



r, r 



^-e--D(e,r + ), 

Z7T 

de „• 



G(t,t') = f^-G(e,r + ), 
J lix 



(3.2) 



where r + = (r + r')/2. Next, we expand D(e, r+) and G(e, r+) in E at fixed 
A(t + ) = C + Er + . The leading terms are 



G(°)(e,r 4 



e 2 + A 2 (r + ) 
1 



e7 b 



A(r + ) 7 ' 



(3.3) 



where 7 and 7 are Euclidean 7 matrices, 7^7^ + Jul^ = 25 Mi ,. For our pur- 
poses, we only need linear and quadratic terms in the expansion of D(e, r + ), 
G(e, r + ) in E. One can work them out from the general expressions of Refs. 

|7J or, alternatively, use the results of Shuryak and Vainshtein |TT| who 
calculated the 4D scalar and fermion Green's functions in a generic Euclidean 
constant field strength background, Q 



D(p) 
G(p) 



1 



2 

p 8 



+ 



j) Ap 



" (fa a/3 + O a 



2Pa 
p8 



FapFp^-p 2 ^) . (3.4) 



3 If performing the average FapFp^ — ► — j6 ai (F 2 ) as is usually done in most (though 
not all, hence the paper uW) QCD applications, the quadratic terms in Eq. (3.4) vanish. 
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In our case, we have to set p = (e, A), F j = Ej, Fj k = 0. We obtain 



£>(e,r 4 



1 1 

p2 p8 



E 2 (e 2 _ A ^ + 2(EA1 



+ 



P 



eE\ei> - pV) + ^(EA) - p 2 (EA)(E 7 ) (3.5) 



(p 2 = e 2 + A 2 , p 7 = e7° + A7 and A is evaluated at r + ). The photon Green's 
function can be chosen in the gauge A = (which is equivalent to the 
Landau gauge d^A^ = in the QM limit), 



Djkir - t' 
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'jk 



du 
2ncu 2 



iuj(t—t') 



(3.6) 



The 3-point scalar-photon vertex entering the graph in Fig. lb appears due 
to nonvanishing background : 



-2i(C k + E k r) . 



(3.7) 



The graphs in Fig. 1 determine the correction to the effective action S e g. 
The corresponding analytic expressions involve the integrals over the time 
moments referring to the vertices — the integral / dr for the figure-eight 
graphs in Fig. lc,e and the double integral over drdr' for other graphs. Let 
us represent drdr' = dr^dr + and postpone the integration over dr + (over dr 
for the fugure-eight graphs). The effective action is expressed as 



S, 



cff 



drC(r) . 



(3.8) 



Let us call the integrand C(t) pseudo-Lagrangian. The pseudo-Lagrangian 
depends on r only via A(r). C can be calculated using standard Feynman 
rules. One only has to take into account the modification of the charged 
propagators as written in Eq. (|3~5| ) and the appearance of the new vertex 
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0. We obtain 



de 
2^ 



du 
2nu 2 



Tr{>y j G{e)>y j G{e + u>)} + 



da; 



A 2 D(e)D(e + u) + E 2 D"(e)D(e + u) 



du 
2nu 2 



2/* 



du 



2tt J 2tyu 



Tr{ 7 °G(e)}D(e 



u 



-i 2 



(3.9) 



where the five terms above correspond to the five graphs in Fig. 1. In the case 
of constant external field, different contributions in Eq.( |3.9| ) exactly cancel 
each other as they should. 

When E ^ 0, £ does not vanish. Note first of all that certain terms in 
Eq. (|3.9|) involve a power infrared divergence 



du 
2-nu 2 



du 



2n(u 2 + n 2 ) 



1 

2fl 



(3.10) 



(fi is a fictitious photon mass). This divergence vanishes as everything else 
does when the background is constant, but the divergence survives when 
E ^ 0. This divergences have actually a rather transparent physical meaning 
which will be clarified a little bit later. For the time being let us just ignore 
the infrared divergent terms and present the result of our calculation for the 
finite pieces in C. 

The fermion loop in Fig. la gives 



7[WA 2 - (EA) 



1QA S 

|A|). The scalar loop of Fig. lb gives 

E 2 7(EA) 2 



C 



ib 



2A 6 



8A S 



(3.11) 



(3.12) 



The graph in Fig. lc does not give a finite contribution (only an infrared 
divergent one). The photino graph in Fig. Id gives 



5E 2 5(EA) 



hi 



8A e 



AA 8 



(3.13) 
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And finally the scalar self-interaction graph in Fig. le gives 



£ ~ E2 5(EA)2 (3U) 
Cle ~ 8A*~ ~lW ■ (3 - 14) 

Adding all pieces, we obtain 

^2 loops _ 7E2 3(EA) 2 /0-.CN 

This cannot be the correct result for the effective Lagrangian, however. As 
was mentioned before, supersymmetry requires the metric to have a con- 
formally flat form and the terms oc (EA) 2 are not allowed. The paradox is 
solved if noting that by calculating the graphs in time- dependent background 
we cannot calculate directly the effective Lagrangian, but only the effective 
action which is equal to the integral of the pseudo-Lagrangian £ according 
to the definition ( |3.8|) . When doing this integral, we have to restore the 
time-dependence in Eq.( p.l5| ). It is convenient (though not at all necessary) 



to assume that the constant and linear term are orthogonal to each other, 
CE = 0. Then 

A 2 —> C 2 + E 2 r 2 , EA -> E 2 r . 

The integrals are easily done: 

°° , E 2 3nE 

dr- 



oo 



(C 2 + E 2 t 2 ) 3 8C 5 



E 4 r 2 nE 

-J t WTe^t = i6C^ ^ 3 - 16 ) 

In other words, the contribution of the structure (EA) 2 /A 8 in £ into S c q 
is exactly 6 times less than the contribution of the structure E 2 /A 6 . To 
find the effective Lagrangian, we should take into account the requirement of 
supersymmetry £ oc E 2 /A 6 and also require that S c s = J dr£ e s(T). This 
finally gives 

r 2 loops 3E|g 3E|g 
from which the result (11.6) follows. 
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Exactly this procedure [(i) calculating the full time integral for S e g and 
(ii) restoring from this £ e ff ( r ) using supersymmetry requirements ] was used 
(if not spelled out explicitly) in Ref. |]]. We convinced ourselves in it after 
partially reproducing their calculations (see Appendix). 

The situation may seem somewhat paradoxical. After all, the effective 
Lagrangian has a well defined meaning: one can derive it by canonical rules 
from the effective Born-Oppenheimer Hamiltonian calculated using the phi- 
losophy of Ref.JI| On the other hand, we cannot calculate it directly in 
the Lagrangian approach. In particular, one can ask what happens in the 
nonsupersymmetric case where both structures E 2 //! 6 and (EA) 2 /A 8 are al- 
lowed. The answer to the last question is clear, however. The matter is that, 
in nonsupersymmetric case, one just cannot consistently define what is an 
effective Lagrangian (or Hamiltonian). Indeed, the zero point energy con- 
tribution to a nonsupersymmetric effective potential is ~ A which is of the 
same order as the characteristic energy of the fast charged field excitations 
and the necessary separation of scales is absent. 

On the contrary, in supersymmetric case the notion of H e R is well defined. 
At the same time, supersymmetry imposes constraints on the allowed form of 
the effective Lagrangian which is thereby restored unambiguously. If you will, 
you may consider this as an indirect proof that the metric on supersymmetric 
moduli space should be conformally flat. 

Let us return now to the question of infrared divergences. They are 
present in the graphs in Fig. l(a,b,c). Introducing the photon mass as in 



Eq.( |3.10| ), we derive 

L -la 



5[(EA) 2 -E 2 A 2 ] 

167^47 ' 
35(EA) 2 - 17E 2 A 2 



IR 

16 19,, A7 



~ IR 3E 2 15(EA) 2 

£lc = 8^"^6M^ (3 - 18) 



4 We note, however, that such calculation is going to be rather difficult. The contri- 
bution oj E 2 /A 6 in H e ff involves two extra orders in the Born-Oppenheimer parameter 
7 ^ ^fasty^siow ^ 1/^43 compared to that calculated in [|. 
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Figure 2: Iteration of C cS 



1 loop 



and 

~ IR 15[(EA) 2 - E 2 A 2 ] 
tot 32/^4 7 

for the sum. Integrating this over dr, we obtain 

E 



(3.19) 



Here the contribution of the term (EA) 2 in the integral is five (rather than 
six) times smaller than the contribution of the term E 2 v4 2 . This gives 



C 



IR 



3E 2 



(3.20) 



in Minkowski space. It is clear, however, that the divergence is due to the vir- 
tual photons with low energies while the true effective Lagrangian is related 
to the graphs with only heavy degrees of freedom (with energy ~ A) circu- 
lating in the loops. The contribution ( |3.20|) should be actually interpreted 
as the iteration of CIq OOP , as shown in Fig. 2, and should not be included 
into the definition of £g ff loops . Indeed, evaluating the diagram in Fig. 2, we 
obtain 



AC 



IR 



(J 2 



-c 



1 loop 



dAjdAj eS 



idu 



M 



2iiuj 2 m 



2 \4A 3 



dbJE 

2ttuj 2 e 



(3.21) 



(u>m and uje are the photon frequencies before and after Wick's rotation), 
which coincides with Eq. ( |3.20| ). 

Note that the infrared divergencies of the discussed type cancel out in the 
two-loop contributions to the quartic terms oc (E 2 ) 2 in £ e g in M = 4 theories 
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fl~2| . This simply follows from the fact that the one-loop contribution in £ e g 
is proportional to (E 2 ) 2 /A 7 , where A is now a 9-dimensional vector and that 
the 9-dimensional Laplacian of 1/A 7 vanishes for A ^ 0. In the TV = 1 case, 
the infrared divergences survive in the sum of the contributions in Fig. 1, 
but, as we explained, they anyway should not be taken into account in £ e g. 



4 J\f = 2 Electrodynamics 

This calculation can be easily generalized to the case AD, M = 2 QED, 
which is equivalent to 6D, M = 1 QED in the quantum-mechanical limit. 
Thinking in the (3+l)-dimensional terms, we have now two (rather than one) 
photino fields Ai^ and two extra real neutral scalars a and b [in the (5+1)- 
dimensional language they correspond to the components A^ of the gauge 
field]. As in the M = 1 case, we have a Dirac spinor and two complex scalars 
in the charged sector. 

The form of the reduced Lagrangian can be easily derived from the known 
4-dimensional expression [O]. We have 



C = - (A k 2 + a 2 + b 2 ) + <p0 + x% + i XfXf + i^ip 

jf=l,2 

-{(pip + XX) (A 2 k + a 2 + b 2 ) -~(<f<p + XX) 2 + iAkiJ-fktp + $(a + ilr/ 5 )^ 

+V^[x(^rAi+^ fl Aa)-0(^flAi + ^iA 2 ) +H.c] . (4.1) 

The effective Lagrangian described the motion over 5-dimensional moduli 
space (Ak,a,b). Let us calculate it assuming as before that the background 
has the form (|2.2|) (i.e. a and b vanish). This is convenient because we can 
use the same expressions (|3.5| ) for the Green's functions as before. For a 
generic background, £ e ff can be restored from rotational 0(5) invariance and 
supersymmetry. 

The effective action is described as before by the graphs in Fig. 1, where 
the dashed lines stand now for the gauge fields and also the neutral scalars 
a, b. It is obvious that the photino contribution of Fig. Id is now multiplied 
by 2. A simple combinatorics tells us that the contribution due to scalar 
self-interactions of Fig. le is multiplied by the factor 3 compared to the 
Af = 1 case due to the positive relative sign in the scalar potential in Eq.(fO). 
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The contribution of the scalar loop in Fig. lb is the same as before (there is 
no contribution from a, b exchange because the background was chosen 3- 
dimensional) . The contribution of the graph in Fig.lc is multiplied by 5/3 
(it is just the counting of degrees of freedom). Extra degrees of freedom a, b 
also give a nontrivial contribution in the fermion loop in Fig. la, 



[B 2 A 2 - (EA) 2 ] 5[E 2 A 2 - (EA) 2 ] 



8A S 16fiA 7 

The sum of all infrared divergent pieces gives 

3E 2 15(EA) 2 
32/iA 5 " 32fiA 7 



(4.2) 



(4.3) 



As was explained in the previous section, we have to substitute here (EA) 2 /A 7 
E 2 /(5v4 5 ), after which the contribution vanishes. This cancellation has the 
same origin as the cancellation of the infrared divergences oc (E 2 ) 2 /(/i/l 9 ) 
in Af = 4 theory mentioned above and follows from the fact that the 5- 
dimensional Laplacian of 1/(A 2 + a 2 + 6 2 ) 3 / 2 vanishes. 
The finite contribution to the pseudo-Lagrangian is 

Z2 loops/ \ E 2 3(EA) 2 

C ^ (T) = "16^ + ^4^" (44) 

The coefficient of the second term in Eq. ( |4.4| ) is exactly 6 times greater than 
that for the first term and the integral of this expression over dr, from which 
the effective Lagrangian is extracted, just vanishes. This should have been 
expected, of course: supersymmetry and rotational invariance require that all 
higher-loop corrections to the effective Lagrangian of Af = 2 theory vanish 

0- 



5 Conclusions 

The main result of this paper is quoted in the abstract. We also verified that 
the two-loop corrections vanish in the Af = 2 case. We did not achieve our 
goal, however, and did not establish an operative relationship between the 
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two-loop corrections to C e g in the matrix models and in AD theories. For 
example, the figure-eight graph gives a nontrivial contribution ( |3.14|) in the 
(0 + 1) case, but its contribution to the AD (3 function vanishes (this follows 
from the vanishing of the corrections to the scalar Green's function in the 
Lorentz-invariant situation). 

On the other hand, one can note that the 4-dimensional (3 function and 
effective Lagrangian are not, strictly speaking, uniquely defined beyond one 
loop. There is the Wilsonean definition, according to which the higher loops 
vanish not only for Af = 2, but also for Af = 1 theories. Eq.( |1.7|) is written 
in the conventional definition where f3 function involves the large-distance 
contribution associated with anomalous dimensions of the charged fields. |], 
T5fl . Perhaps, the metric in Eq.fll.flj) (defined quite unambigously) is related 



to the 4-dimensional (3 function defined in some particular physically relevant 
way ? Further studies in this direction are welcome. 

I am indebted to K. Becker, J. Plefka, M. Shifman, and A. Waldron for 
useful discussions and correspondence. 



Appendix. A sample non-Abelian calculation. 

For pedagogical purposes, we sketch here a sample calculation of the "figure- 
eight" gauge boson graph for the SU(2) Af = 4 matrix model in some more 
details than it was done in Ref.@. 

Choose the Abelian background Aq 1 = and 

A cl (r) = ^(b + vrV 3 , (A.l) 

where b and v are two orthogonal 9-dimensional vectors. We are using the 
notations of Ref. || ( r = b + vr is interpreted as the distance between two 
DO particles, b is their impact parameter, and v is their respective velocity), 
bearing in mind the identifications r = C, v = E#. 

We represent A^ 1 = + a M and impose the Feynman background gauge 
15] adding to the Lagrangian the term — ^(X^a^) 2 , where T>^ is the covariant 



derivative associated with the background. We obtain for the quadratic and 
quartic part of the gauge field Euclidean Lagrangian 

C = -Tr {a M (p 2 a M - 2i[F*, a u }) } - ^Tr {[a M , a v f) + other terms (A.2) 
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A^A^ - -A^A^ - -A^A UU , (A.4) 



The Abelian fluctuation components a^ h oc a 3 do not interact with the back- 
ground and remain massless. The corresponding fugure-eight graphs are 
infrared divergent (like the graph in Fig. lc above). Following Ref. |5|], 
we ignore them here. On the other hand, the components oc a 1,2 pro- 
vide a nontrivial finite contribution in C e g. It is convenient to represent 
<V = (0^° r+ + 4>ii°~) I 'v2, after which Eq. (|A.2|) is rewritten as 

+ (b 2 + v 2 r 2 )^0 M - 2iF flu 4> fl (f> L/ - -(^<f> v - 4>u4>^) 2 (A. 3) 

(F j = Vj, Fj k = 0). The contribution of the figure-eight graph to the 
effective pseudo-Lagrangian £ e g has the form 

1 1 

where A^ is the Green's function (0 At (r)0 !y (r)). Now, if the term oc F^ u 
in Eq. ([A.3|) were absent, A^ would exactly coincide with the scalar Green's 
function in Eqs.( |3.2|) , (|3.5| ), multiplied by 5^ u . In this case, the quadratic in E 
terms in the pseudo-Lagrangian would have the same form as in Eq. ( |3.14| ) up 
to the overall factor [(S^) 2 — 5^5^] /2 = 45. Doing the integral over dr and 
assuming that / drC e s(r) = J drC^ij) and that the effective Lagrangian 
does not involve the terms oc (vr) 2 , this gives the correction 

^ (A.5) 

in C e g. Let us now take into account the modification of A^ due to the 
presence of the term oc F^ in the quadratic part of the Lagrangian. As we 
are interested only in the terms oc v 2 , we can neglect now v-dependent terms 
in T> 2 (or, better to say, treat r 2 = b 2 + v 2 r 2 as a constant). We obtain 

duj , 



duj 
2^ 



A, v ~ / ^\\{u 2 + r 2 )^-2^||- 1 

J 271 

S 2iF 4F F 



to 2 + r 2 (to 2 + r 2 ) 2 (to 2 + r 2 " 13 



(A.6) 



Substituting this into (|A.4|) and adding the term (|A.5| ), we obtain 



45 15v 2 105v 2 45 135v 2 



4r 2 2r 6 32r 6 4r 2 32r 6 

which coincides with the sum of the contributions (5.6) and (5.7) in Ref.| 
(with the terms oc v 4 /r 10 neglected). 
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